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We propose a self-consistent theory of the extraordinary light transmission through periodic arrays of
subwavelength holes in metals. Its basis is an expansion of the light fields in terms of exact eigenmodes—
propagating, evanescent, and anomalous—investigated in our recent paper and matching at the interfaces using
the exact boundary conditions. An excellent convergence of this expansion has allowed us to decompose the
anomalous transmission phenomenon into elementary parts and to investigate the characteristic parametric
dependences. Transmission properties of a single interface play a key role in our theory in the subwavelength
range. They include the coefficient of energy transmission into the propagating mode and the phases of the
reflected and transmitted waves. These key parameters possess remarkable resonant dependences on the wave-
length of light; they are sensitive to the size of the holes and rather insensitive to weak losses. The surface-
plasmon-related features of the above characteristics are established. Transmission properties of a slab are
expressed by the single-interface parameters, the phase incursion for the propagating mode, and the propagat-
ing losses.
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I. INTRODUCTION

Discovery of the extraordinary light transmission �ELT�
through subwavelength slits and holes �single and periodi-
cally arranged� in metals1,2 gave rise to an explosion of ex-
perimental and theoretical studies �see, e.g., Refs. 3–11 and
references therein�. These studies are motivated by both the
brilliance and fundamental character of this phenomenon and
its possible applications employing the ultrastrong light con-
straint. While many particular features of the ELT are under-
stood, it still remains mysterious in many respects. The great
challenge for theory is that the basics for ELT—the macro-
scopic Maxwell equations—are commonly accepted.

It is clear nowadays that the ideal metal paradigm is gen-
erally insufficient for an analysis of the ELT. Refusal of this
paradigm in favor of real metals is usually associated with
the excitation of the surface plasmons.3,12 For a real metal,
the optical dielectric permittivity �m=�m� + i�m� consists of a
negative real part �m� and a positive imaginary part �m� re-
sponsible for light absorption. The condition for the exis-
tence of the surface plasmon on a flat air-metal interface,
�m� �−1, �m� � ��m� �, is fulfilled for many metals, including
silver and gold.13,14

The ELT is often associated with the resonant excitation
of the surface plasmons on the opposite faces of a perforated
metallic slab. This physical picture implies the resonant
Fabry-Pérot enhancement of the light transmission through
the slab, at least in the one-dimensional �1D� case where the
lowest propagating mode survives in the subwavelength
limit, and, simultaneously, an efficient excitation of the plas-
mon at the input interface.1,4,5 The mechanism of such a
plasmon excitation and the nature of evanescent coupling in
the two-dimensional �2D� case, where the propagating
modes are usually absent, are far from evident.15–17 More-

over, arguments against the plasmon mechanism of the ELT
are also known in the literature.6,7

The controversy in the theoretical studies has serious rea-
sons. Calculations of observable transmission characteristics
are based either on complicated numerical methods or on
oversimplified analytical models. In the first case, numerous
factors affecting the ELT work together and cannot be sepa-
rated; the possibilities for an analysis of the transmission
characteristics on the variable parameters �light wavelength,
period of the structure, hole and/or slit size, slab thickness,
�m� , �m� , etc.� are restricted; and the essential details of nu-
merical simulations often remain unknown. Simplified mod-
els imply noncontrollable assumptions diminishing the prac-
tical impact. Furthermore, the term “surface plasmon,”
which is well defined and transparent for flat dielectric-metal
interfaces, becomes less certain for “holey” interfaces. For
this reason, the plasmon interpretations of the ELT often
have no solid theoretical grounds.

The most physical and controllable calculation methods
are based on the knowledge of the eigenmodes for the hole
and/or slit structures and the use of modal expansions.18,19

Surprisingly, the properties of such metal-dielectric
waveguiding structures �single holes and photonic crystals�
remained underinvestigated and even misrepresented, espe-
cially in the actual subwavelength limit. When describing the
eigenmode-based calculation methods, it was claimed that
the eigenvalues are real in the absence of losses ��m� =0� and
that an analogy with quantum mechanics holds true.6,19,20 It
turned out, however, that this basic ingredient of theory can-
not be applied to metal-dielectric structures. In addition to
the well-known propagating and evanescent modes, a se-
quence of new modes with complex values of the propagat-
ing constant exists even for �m� =0.21,22 Missing these anoma-
lous modes makes the set of eigenfunctions incomplete and
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leads to a divergence of the calculation procedure.21

We have developed a theory of the ELT for periodic ar-
rays of subwavelength slits in metals. It combines analytical
and numerical methods and incorporates a number of known
ingredients, such as modal expansions, the use of boundary
conditions, and Fabry-Perot resonance. However, it differs
essentially from the other known theories by the combination
of the following key elements.

�1� We employ the exact eigenfunctions and
eigenvalues.22 Taking into account the anomalous modes
makes the set of eigenfunctions complete and ensures a
quick convergence of our numerical procedure. This makes
our numerical tool highly playable.

�2� We use the exact boundary conditions at all metal-
dielectric interfaces. In conjunction with the first issue, it
makes our numerical results exact within the conventional
concept of the local permittivity.

�3� We calculate the mode structure for both �m� �0 and
�m� =0; i.e., we monitor the influence of the light absorption
on the observable characteristics of the ELT.

�4� We carefully investigate the fundamental
transmission-reflection properties of a single-interface
air–1D photonic crystal. The influence of absorption is very
weak here for �m� � ��m� �; i.e., the transmission-reflection
properties can be treated as lossless. Two parameters are of
importance for the ELT in the subwavelength case: the en-
ergy transmission coefficient and a combination of the
phases of the reflected and transmitted waves. Dependences
of these parameters on the wavelength �, �m� , and the wall/
slit ratio reveal fundamental features and clarify the role of
the surface plasmons.

�5� Using the symmetry properties, the transmittance of a
perforated slab is expressed by the above single-interface
characteristics and the propagation losses. The final relation
represents an advanced version of the single-mode model of
Ref. 5. It allows us to classify and describe the slab trans-
mittance peaks in a simple manner. The simplified results are
supported by rigorous calculations.

In short, we have rectified considerably the known ap-
proaches to the ELT and made the theoretical scheme not
only accurate but also highly playable. Our findings extend
the main known results in the field but, typically, do not
contradict them. Specific descriptions of our results can be
found below.

While the theory of light transmission via the propagating
modes is devoted to the 1D case, it can, to some extent, be
applied to the 2D case. This important possibility is consid-
ered in Sec. VI.

II. BASIC RELATIONS

Figure 1�a� shows the simplest periodic structure �1D
photonic crystal� that is relevant to the ELT. It is uniform
along the propagation coordinate z. The optical permittivity
��x� takes the values �m=�m� + i�m� and �d=�d��0 in the metal
and dielectric parts. A value �d�1 accounts for filling the
slits with a transparent dielectric. The wall and slit widths are
xm and xd, and the period of the structure is x0=xd+xm. The
ELT occurs for the TM polarization when the only nonzero

component of the magnetic field amplitude is Hy �H�x ,z�.
To find the eigenmodes, we use the ansatz H=h�x�exp�i�z
+ i�x�, where � is the propagation constant, � is the Bloch
wave vector, and h is an x0-periodic function of x. Restricting
ourselves to the case of normal incidence, �see Figs. 1�b� and
1�c�� we set �=0. Then, Maxwell equations are obtained for
the eigenfunction h�x�,

L̂h = �2h, L̂ =
d2

dx2 + �k0
2, �1�

where k0=2� /� is the vacuum wave vector. This sets an

eigenproblem for the operator L̂ with �2 being the eigen-
value. The nonzero components of the light electric field are
expressed by H: Ex=�H /�k0 and Ez= �i /�k0�dH /dx. The
quantities H, Ez, and �Ex are continuous at the metal-
dielectric interfaces �see Fig. 1�a�� which expresses the exact
boundary conditions.

For lossless dielectric structures, the operator L̂ is Hermit-
ian, the eigenvalues �2 are real, and an analogy with quan-
tum mechanics is valid. The situation changes when the
structure includes lossless metallic parts, �m�0. To see it,
we multiply Eq. �1� for h by h* /� �the asterisk means com-
plex conjugation� and integrate over the period x0. Integrat-
ing the left-hand side by parts, using the boundary condi-
tions, and taking the imaginary part, we see that �2 is real
only for ��−1�x��h�x��2dx�0. In the dielectric case, ��x��0,
this condition is always satisfied. However, in the metal-
dielectric case, where ��x� is sign alternating, the integral can
be zero. Then, the eigenvalue �2 is complex; i.e., we have an
anomalous mode.22

The allowed values of �2 satisfy the known dispersion
equation,11,22,23 which follows from Eq. �1�. Each eigenvalue
corresponds �within a normalization factor� to a single eigen-
function h�x�. The eigenfunctions are either even or odd in x
if the point x=0 is set at a slit center. Only the even eigen-
functions and the corresponding “even” values of �2 are nec-
essary for the description of the ELT in the case of normal
incidence.

Within a half-period 0�x�x0 /2, an even eigenfunction
can be written as

h = �cos�pmxm/2�cos�pdx� �x � xd/2�
cos�pdxd/2�cos�pm�x − x0/2�� �xd/2 � x� ,

	 �2�

where pd,m= ��d,mk0
2−�2�1/2. The dispersion equation for the

determination of the even values of �2 is22
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FIG. 1. �Color online� Geometrical schemes for a periodic 1D
structure �a�, an air-PC interface �b�, and slab transmission �c�. The
permittivities of the dielectric and metal parts are �d and �m. Only
zero-order propagating modes are shown for �b� and �c�.
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where the permittivity of the metal, �m, is generally complex.
Each normalized eigenvalue �2 /k0

2 depends on four di-
mensionless parameters. It is convenient to choose them as
� /x0, xm /xd, �m, and �d. Then, the following scaling relation
is valid:

�2
 �

x0
,
xm

xd
,�m,�d� = �d�2
 �

�dx0
,
xm

xd
,
�m

�d
,1� . �4�

It shows that the relative permittivity �m /�d and the effective
period ��dx0 determine the spectrum of the eigenvalues
when filling the slits with a transparent dielectric. Since di-
electrics �fluids� with the refractive index ��d�2 are known
and “optofluidics” is a rapidly developing area,24,25 the rela-
tive permittivities �m /�d
−1 should be accessible. Without
loss of generality, we can now restrict ourselves to the case
of �d=1 �air slits�.

The algebraic equation �Eq. �3�� can be solved numeri-
cally. The opposite values of the propagation constant �
= 	��2 correspond to waves propagating in the 	z direc-
tions. The dots in Fig. 2�a� show the values of ����+ i�� in
the range �� /k0�9 for xm=4xd=� and �m=−10. The last
parameter is representative for silver at ��0.5 
m. The
filled/open dots correspond to the even/odd modes. We have
a single �even� propagating mode with � /k0�1.2, a se-
quence of evanescent modes with ��=0, and a sequence of
anomalous modes with ���0 and �� /k0����m�. The sym-
metric pairs of anomalous roots correspond to the conjugate
values of �2. About 25% of modes in Fig. 2�a� are anoma-
lous. With weak losses of silver ��m� �0.3� taken into ac-
count, the roots experience small displacements.22

With decreasing slit width xd, the single propagating
mode survives and its effective refractive index � /k0 in-
creases as 1 /xd. The vertical and horizontal distances be-

tween the anomalous roots in Fig. 2 also increase. Increasing
wall width xm weakly influences the propagating mode and
the anomalous modes. These modes actually represent the
properties of a single slit; in the limit xm→�, they are all �x�
localized. The distance between the evanescent roots in the
range �� /k0���m decreases as 1 /xm; in the limit xm→�,
these roots form a continuous spectrum of a single slit.

With decreasing ratio � /x0, the second even propagating
mode appears eventually. For xm /xd=4 and �m� =−10, it oc-
curs for � /x0�1 /2.

It is remarkable that the sequence of the even anomalous
modes is finite for xm /xd� ��m� and infinite for xm /xd� ��m�.22

The sequence of the odd anomalous modes is always infinite.
This is illustrated by Fig. 2�b�. Note that the sequence of
even anomalous modes remain very long already for xm /xd
=5 and ��m�=10.

Changing the spectral behavior of the anomalous modes
at xm /xd= ��m� has a close relation with the properties of our
structure in the macroscopic limit ��2���mx0, where the
metal walls are almost transparent. The effective permittivity
in this limit is �ef f = ��m�x0 / ���m�xd−xm�.26 It is positive for
xm /xd� ��m�, negative for xm /xd� ��m�, and infinite at xm /xd
= ��m�.

III. SINGLE-INTERFACE TRANSMISSION PROPERTIES

Now, we consider the simplest transmission/reflection
problem. Let an x-polarized plane wave be incident normally
onto our periodic metal-dielectric structure occupying the
semispace z�0 �see Fig. 1�b��. It is necessary to determine
the transmission and reflection properties of the interface z
=0. The formulated problem is similar to the basic problem
of light transmission through an interface between two media
with different optical permittivities, which is described by
the Fresnel relations. It is highly useful for an understanding
of the physics of ELT.

A. Calculation procedure

In the regions z�0 and z�0, we use the following exact
and explicit modal expansions for H:

H = �a0
+eik0z + �

n=0

�

2an
− cos�nKx�eqnz, z � 0

�

=0

�

b

+h
�x�ei�
z, z � 0.� �5�

In the first expansion, a0
+ is the amplitude of the incident

wave, K=2� /x0 is the grating vector, and the exponent qn is
�n2K2−k0

2�1/2 for n2K2�k0
2 and −i�k0

2−n2K2�1/2 for k0
2�n2K2.

Real and imaginary values of qn correspond to the evanes-
cent and propagating waves in air. With increasing period,
new diffraction orders appear in air at x0=n�. Only a single
propagating wave �reflected wave� with n=0 and q0=−ik0 is
allowed for � /x0�1. In the second expansion, the index 

numerates the even modes in the order of increasing ��. The
propagating modes travel and the evanescent and anomalous
modes decay in the +z direction. The eigenfunctions and
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FIG. 2. �Color online� Spectrum of � for �m=−10, xm=�, and
xm /xd=4 for modest �a� and large �b� values of �� /k0. The filled
and open dots correspond to the even and odd modes, respectively.
The arrow indicates two closely situated evanescent roots originat-
ing from the confluence of a pair of anomalous roots.
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eigenvalues employed account for the exact boundary condi-
tions at the vertical metal walls. The amplitudes of the modes
an

− and b

+ are to be found.

Employing the exact boundary conditions at z=0, i.e.,
continuity for H and �−1�H /�z, we come to the set of linear
algebraic equations for b


+:

�

=0

�

b

+�hn


 − i�
qn
−1�h
/��n� = 2a0

+�n0, �6�

where hn

= �h
�x�cos�nKx��x0

and �h
 /��n

= �h
�x�cos�nKx� /��x��x0
are the nth Fourier components of

the periodic functions h
�x� and h
�x� /��x�; the brackets
mean averaging over the period x0. The Fourier components
are easily expressible by �
 and n using Eq. �2�. When the
set b


+ is found, the amplitudes an
− can be calculated from the

following exact relations:

2a0
− = − a0

+ + �

=0

�

b

+h0


,

an
− = �


=0

�

b

+hn


 �n � 0� . �7�

A numerical routine with the truncation of set �6� at

max=nmax=N�1 is used to calculate b


+. The procedure con-
verges perfectly well with increasing N when all
eigenmodes—propagating, evanescent, and anomalous—are
taken into account. However, it does not converge when the
anomalous modes are ignored: The amplitudes and the
transmission/reflection characteristics experience, in this
case, strong nonvanishing oscillations with increasing N so
that the true characteristics cannot be determined even ap-
proximately. This proves �i� that the set of the eigenfunctions
is complete with and incomplete without the anomalous
modes and �ii� that these modes are crucial for getting true
results. Most of the subsequent calculations are performed
for the truncation number N=48. However, apart from fine
features, the results are already the same for N=20.

The energy conservation law has been systematically veri-
fied during our calculation procedure. It is fulfilled with a
very high accuracy ��0.1% � when the anomalous modes are
taken into account.

Our procedure allows us also to describe the dispersion
properties of the holey-surface plasmon �HSP� in accordance
with the general receipt �see Refs. 27 and 28 and references
therein�. Represent the solution of set �6� as b


+=D
 /D,
where D is the determinant of this set and D
 is the corre-
sponding cofactor. The determinant D, considered as a func-
tion of the complex variable �=��+��, such that ��=� /x0,
possesses a zero point �0 near the real axis. The real part �0�
gives the resonant wavelength �HSP=�0�x0, while the ratio
�0� /�0� gives the quality factor of the HSP. According to the
definition, �HSP is the wavelength of the incident light whose
frequency equals the frequency of the plasmon with the wave
vector K=2� /x0. At �m� =0, the nonzero value of �0� is due to

the radiative losses into air and the slits. In the limit xd→0,
we expect �0�=���m� / ���m�−1� and �0�=0, i.e., the flat-surface
plasmon �FSP�.

B. Results

Consider first the results for the transmittance T0 defined
as the energy-flux fraction transmitted to the single propagat-
ing mode at z=0. This definition is useful even for ���0
when the energy flux for the propagating mode decays as
exp�−2�0�z�. As for the condition for existence of only one
propagating mode, it is fulfilled in the subwavelength range,
� /x0�1 �which is of our prime interest� and even well be-
yond this range, unless the walls are thinner than the skin
depth.22 For sufficiently small ratios � /x0, the excitation of
two or more propagating modes has to be taken into account.
The limiting case of independent subwavelength slits, x0
���xd �with many diffraction orders in air involved�, is
beyond our study.

The solid and dashed lines in Fig. 3�a� show the depen-
dence T0�� /x0� in the lossless ��m� =0� and lossy ��m� =0.3�
cases for �m� =−9.6, xm /xd=4, and N=48. These lines almost
coincide. The influence of light absorption on the transmis-
sion properties of the interface air–photonic crystal �PC� is
thus very small for �m� � ��m� �. Only a single propagating
mode is allowed in the shown range of � /x0.

The function T0�� /x0� possesses very narrow spikelike
peaks at � /x0=1 /s �s=1,2 , . . . �, which correlates with the
positions of the Rayleigh-Wood anomalies for reflection
gratings11,29,30 and corresponds to the phase-matching condi-
tion k0=sK. For convenience, we will refer to these peaks as
to Rayleigh-Wood �RW� peaks/resonances. The strongest
peak corresponds to s=1. On a larger scale, the peaks are
strongly asymmetric. Often, similar features of resonances in
complicated systems are attributed to the Fano effect.31
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FIG. 3. �Color online� The single-interface transmittance T0 �a�
and phases �t,r �b� versus � /x0 for �m� =−9.6, xm /xd=4, and N=48;
the solid and dotted lines are plotted for �m� =0.3 and 0.
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Clearly, the shown RW peaks/resonances are precisely
pinned to the points where new diffraction orders are open-
ing. This change apparently has as strong an impact on
T0�� /x0� as the change of the symmetry during the phase
transition on the macroscopic properties of the medium. It
can also be treated as the consequence of bifurcations at the
points � /x0=1 /s.

What is the role of the surface plasmon in these spectral
anomalies? One might suggest that the resonant value
�� /x0�HSP for the holey-surface plasmon is 1 for the chosen
parameters, instead of the flat-surface plasmon value
�� /x0�FSP=���m� � / ���m� �−1��1.06. However, our analysis of
the zero point of the determinant D��� �see Sec. III A� has
shown that it is not the case; the value of �� /x0�HSP is �0.93
for the parameters of Fig. 3. As for the spectral anomalies of
T0, which practically coincide with those of �b0

+�2= �D0 /D�2,
they are determined by the sharp spectral dependences of
both D and D0. For the chosen values of xm /xd and �m, the
peaks of T0�� /x0� thus cannot be attributed to the resonant
excitation of the holey-surface plasmon. Generally, the exis-
tence of such a surface mode does not ensure its effective
resonant excitation.

Returning to Fig. 3�a�, we see that the transmittance T0
turns virtually to zero slightly to the right of each RW peak.
For the main peak, it occurs at � /x0�1.06, which is very
close to the FSP resonance �� /x0�FSP. A more careful analy-
sis has shown that the minimum value of T0 is exactly zero
only in the lossless case, �m� =0; for �m� =0.3, it is very small,
T0

min�10−4. These observations are in line with the results of
Refs. 7 and 28.

With further increase of � /x0, the transmittance T0 grows
and tends slowly to �0.75. This value corresponds to the
continuous-medium limit, i.e., to the Fresnel relations for an
interface between media with �=1 and �ef f = ��m�x0 / ���m�xd

−xm��8.57.
Another useful characteristic of the interface is the ratio

R0= �a0
−�2 / �a0

+�2. In the subwavelength range, when the dif-
fraction orders in air are absent, it gives the reflection coef-
ficient. In this range, we have R0=1−T0 in the lossless limit,
�m� =0. With light absorption taken into account, the differ-
ence 1−T0−R0 is nonzero. It expresses the energy losses in
the skin-deep near-surface layer. As one can expect, these
“surface losses” are very weak for �m� � ��m� �. In particular, we
have 1−T0−R0�0.03 in the silverlike case, �m� =−10, and
�m� =0.3.

The spectral behavior of the phases of the transmitted and
reflected waves, �t=arg�a0� and �r=arg�b0�, is also impor-
tant for what follows. Figure 3�b� gives dependences of these
phases for the lossless and lossy cases. In the lossless case,
the phase �t experiences � jumps at the points where
T0�� /x0� turns to zero. These jumps occur when the complex
amplitude of the propagating mode a0 crosses the zero point.
Except for the singular points, the phase �t decreases mo-
notonously with � /x0. The most rapid decrease occurs near
the peak of T0. The phase �r remains quasiconstant, experi-
encing only small and sharp bursts at � /x0=1 ,1 /2, . . .. The
influence of weak losses of silver ��m� =0.3� on �r is practi-
cally invisible. The influence on �t is small but noticeable for
� /x0�1; it is seen as a smoothing of the jumps.

Importantly, the described properties of the peaks of T0
occur only for xm /xd� ��m� �, i.e., for �ef f �0. In the opposite
case, xm /xd� ��m� �, the spectral behavior of T0 is qualitatively
different. The peaks progressively shift to the right with in-
creasing ratio of xm /xd��m� �, have no kinks, and become bell
shaped; they cannot be referred to as the RW peaks anymore.
All this is illustrated in Fig. 4. One sees also that the height
of the main peak decreases slowly with increasing ratio
xm /xd, so that the peak transmittance T0

max remains very high
for pretty narrow slits.

While the position of the peak �� /x0�max moves toward
the FSP resonance �� /x0�FSP=���m� / ���m�−1� with increas-
ing xm /xd��m� �, the position of the minimum transmittance
�� /x0�min remains close to �� /x0�FSP. Our special examina-
tion has shown that �� /x0�FSP is always smaller than
�� /x0�min. The distance between these spectral points essen-
tially depends on �m� and also on the ratio xm /xd. This is
illustrated by Fig. 5. For ��m� ��9, this distance is very small
for any reasonable value of xm /xd. In the range ��m� � �6,
which is relevant, e.g., to the case of Ni �Ref. 14� or to filling
the slits with a transparent dielectric, the distance between
�� /x0�min and �� /x0�FSP becomes noticeable and increases
gradually with decreasing xm /xd. Hopefully, these data will
finalize the theoretical discussion about the coincidence of
�� /x0�min and �� /x0�FSP for the basic 1D structure in
question.7,28

Where is the HSP resonance for xm / ��m�xd�1? Line 5 in
Fig. 5 shows the dependence of �� /x0�HSP on ��m� for
xm /xd=9. At ��m��7.5 �xm / ��m�xd�1.2�, it crosses the line
� /x0=1. For smaller ��m�, we have �� /x0�max��� /x0�HSP.
The solid and dashed lines of the inset show the dependences
of �� /x0�HSP and �� /x0�max on the ratio xm /xd for �m=−5.
They almost coincide for xm / ��m�xd�2 being far from the
FSP resonance, �� /x0�FSP�1.118. With increasing ��m�, the
separation between �� /x0�max and �� /x0�HSP grows slightly
but remains within the HSP resonance width. Thus, the
crossover between the RW and HSP resonances occurs, and
the peak of T0�� /x0� can be attributed to the resonant exci-
tation of the HSP for sufficiently large values of xm / ��m�xd.

To gain more insight into the plasmon implications, we
have calculated the amplitude of the flat-surface plasmon Ap

FIG. 4. �Color online� The single-interface transmittance T0

�solid lines� and plasmon energy �Ap�2 �dotted lines� versus � /x0 for
�m=−5. The pairs of curves 1 ,1�, 2 ,2�, and 3,3� correspond to
xm /xd=4, 10, and 20, respectively. The positions of the FSP and
HSP resonances are �� /x0�FSP�1.118 and �� /x0�HSP�1.063.
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at a metal part of the interface z=0 from the known distri-
bution H�x ,z� �see the Appendix for details�. A similar idea
of calculation has been used in Ref. 8. The dotted lines 1�,
2�, and 3� in Fig. 4 show the spectral dependences of �Ap�2
for ��m�=5 and xm /xd=4, 10, and 20. For xm /xd=4 and 10,
the spectral maxima of �Ap�2 are uncoupled from the peaks of
T0 and not pronounced. Comparing lines 3 and 3�, plotted for
xm /xd=20, one sees, however, that the peak of �A0�2 pos-
sesses almost the same position and width as the peak of T0.
This suggests again that for a sufficiently large ratio of
xm / ��m�xd, when the disturbing effect of the slits is small and
the HSP is locally �at the metal parts� close to the FSP, the
peak of T0 is due to the plasmon resonance.

The last point to be mentioned is the peculiarities of T0,
which are expected when decreasing ��m� �. They are closely
related to the so-called corner singularities. As is known, the
magnetic field H oscillates infinitely fast and the amplitudes
Ex and Ez become infinitely large when approaching the 90°
metal corners if �m lies in the range �−3,−1 /3�.32,33 This
interval, as mentioned, is achievable when filling the slits
with a suitable dielectric. Taking into account the losses is
crucial here to ensure the physical results. While the indi-
cated interval and the relevant complications are beyond the
scope of this paper, we can approach the critical value �m=
−3 from below. Figure 6 shows the dependence of the peak
value of T0�� /x0� on the ratio xm /xd for three real values of
�m. Here, the optimum ratio is xm /xd
��m� and the peak
transmittance T0

peak increases with decreasing ��m�, which can
be considered as a positive effect. The convergence of our
calculation procedure worsens for ��m�→3.

IV. SIMPLIFIED DESCRIPTION OF THE SLAB
TRANSMISSION

With the results of Sec. III, it is possible to derive a useful
relation for the slab transmittance T�. It fully accounts for

the Fabry-Pérot effect for the propagating mode and differs
from the single-mode expression of Refs. 5 and 34 by an
essential simplification: Instead of two general complex pa-
rameters of this expression, we employ only two real param-
eters with the known properties. The only additional require-
ment is that the slab thickness d must be considerably larger
than the maximum decay distance for the nonpropagating
modes. Usually, it is fulfilled for d�� / �2����m��. The out-
comes of the simplified relation for T� will be compared
with the results of the rigorous numerical calculations.

Let A	
0 be the amplitudes of the light waves in air propa-

gating in the 	z directions at z=0, B	
0 and B	

d be the ampli-
tudes of the 	 propagating mode of the periodic structure at
z=0 and d, and C	

d be the amplitudes of the 	 waves in air
at z=d �see Fig. 7�. The amplitudes are normalized in such a
way that their squared absolute values give the correspond-
ing energy fluxes averaged over the period of the structure
x0.

According to our definitions, A+
0 and B−

0 are the input am-
plitudes for the interface z=0, while A−

0 and B+
0 are the output

amplitudes. Since the transmission-reflection problem is lin-
ear, we have


A−
0

B+
0 � = Û
A+

0

B−
0 � , �8�

where the 2�2 matrix Û expresses the necessary properties
of the input interface. Since the interface z=d is physically
the same, the output amplitudes C+

d and B−
d are expressed by

C−
d and B+

d in the same way.

FIG. 5. �Color online� Dependences of �� /x0�FSP �solid line 1�,
�� /x0�min �lines 2 and 3�, �� /x0�max �line 4�, and �� /x0�HSP �solid
line 5� on ��m� for the single interface depicted in Fig. 1�b�. Line 2
and lines 3, 4, and 5 are plotted for xm /xd=4 and 9, respectively. In
the inset, the solid and dotted lines show �� /x0�HSP and �� /x0�max

versus xm /xd for �m=−5.
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FIG. 6. The peak value of T0�� /x0� versus the ratio xm /xd; lines
1, 2, and 3 are plotted for ��m�=9, 5, and 4, respectively.
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FIG. 7. �Color online� Geometric scheme for the analysis of the
slab transmission properties.
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Note now the obvious relations for B	
0,d �see also Fig. 7�

B+
d =B+

0ei�0d and B−
d =B−

0e−i�0d, where �0= +��0
2 refers to the

forward propagating mode. This parameter is generally com-
plex; i.e., we do not neglect the losses for the propagating
mode over the distance d.

Using these relations together with Eq. �8� and setting
A−

d =0, we calculate algebraically the amplitude transmission
coefficient C+

d /A+
0,

C+
d

A+
0 =

U12U21 exp�i�0d�
1 − U22

2 exp�2i�0d�
. �9�

General expressions of this kind are well known in the ELT
literature.5,34

Relation �9� can be simplified if we recall that the influ-
ence of losses on transmission/reflection properties of the
interface is very weak for �m� � ��m� � �see Sec. III�. One can
expect that the influence of absorption on the slab transmit-
tance comes mostly from the propagation losses, which are
attributed to the factor exp�−�0�d� entering Eq. �9�, while the

Û matrix can be calculated for �m� =0. In other words, we
neglect the surface losses as compared to the propagating
ones.

Consider the symmetry properties of Û in the lossless
case. Owing to the energy conservation at the interfaces �i.e.,
owing to the equalities �A+

0�2+ �B−
0�2= �A−

0�2+ �B+
0�2 and �C−

d�2

+ �B+
d�2= �C+

d�2+ �B−
d�2�, this matrix is unitary, ÛÛ†= Û†Û=1̂,

where the dagger stands for the Hermitian conjugation. Fur-
thermore, the lossless transmission-reflection properties of
the interfaces are invariant to the time reversal. This opera-
tion means the change of the propagation directions �the in-
put waves become output ones and vice versa� and complex
conjugation of the amplitudes. Thus, we have, additionally,

ÛÛ*= Û*Û=1̂.

The general form of the matrix Û, which satisfies both
above requirements, is

Û = ei�
cos �ei� sin �

sin � − cos �e−i� � , �10�

where �, �, and � are three real characteristic parameters.
According to Eq. �8� and Fig. 7, the combinations
cos �ei��+�� and sin �ei� are the amplitude reflection and
transmission coefficients for the input wave A+

0. In other
words, we have T0=cos2 �, �t=�, and �r=�+�. We have

expressed thus the matrix Û by the parameters defined and
investigated in Sec. III.

Using Eqs. �9� and �10�, we calculate lastly the total trans-
mittance of the slab T�= �C+

d�2 / �A+
0�2,

T� =
T0

2 exp�− 2�0�d�
�1 − �1 − T0�exp�− 2�0�d�exp�2i�FP��2

, �11�

where the Fabry-Pérot �FP� phase

�FP = �0�d + 2�t − �r. �12�

The combination 2�t−�r is merely the phase shift for the
propagating wave during an internal reflection from any of

the two slab interfaces. This remark clarifies the physical
meaning of the FP phase �FP.

The right-hand side of Eq. �11� includes the known char-
acteristics of a single interface �T0 and �t,r� and the products
�0�d and �0�d, which can be easily calculated from Eq. �3�.
The final relation for T� reduces the transmission problem to
the determination of the minimum number of parameters.
Qualitatively, most of the outcomes of this relation are physi-
cally transparent.

In the lossless case, �0�=0, the slab transmittance turns to
1 for �FP=s� with s=0, 	1, . . . This condition corresponds
to the FP resonances. Furthermore, we have T�→1 for T0
→1 regardless of �FP.

As we know, the spectral dependence of the phase �t
includes a � jump at the zero point of T0. For �FP, it gives a
pseudojump 2�. The phase �FP can thus be treated as a
continuous function of � /x0.

Two intuitively clear features come from Eq. �11�:
�1� The spectral width of a FP peak is affected by the

value of the derivative of �FP at the point of maximum; the
further is it is from the peak of T0, the larger is the width.

�2� The smaller T0 is at a FP resonance, the stronger is the
negative influence of the losses on the peak height.

V. SLAB TRANSMISSION RESONANCES

The purpose of this section is twofold. First, we are going
to extend our calculation scheme for the slab case to be able
to get exact results on the slab transmittance and to verify the
field of applicability of the simplified Eq. �11�. Second, using
the single-interface characteristics of Sec. III, we intend to
investigate the spectral dependence T��� /x0� for different
combinations of the characteristic dimensionless parameters
xm /xd, d /x0, and �m.

A. General calculation scheme

The following eigenmode expansions are valid now in the
three discrete regions of z �compare with Eq. �5��

H =�
a0

+eik0z + �
n=0

�

2an
− cos�nKx�eqnz, z � 0

�

=0

�

�b

+ei�
z + b


−e−i�
�z−d��h
, �0,d�

�
n=0

�

2cn
+ cos�nKx�e−qn�z−d�, z � 0.

� �13�

Here, b

	 are the amplitudes of the eigenmodes propagating

in the slab in the 	z directions and cn
+ are the amplitudes of

waves �propagating and evanescent� at the output. The other
parameters are defined in Sec. III A. For z�d, the waves run
or decay in the +z direction.

Using the exact boundary conditions at the interfaces z
=0 and d, we come to the set of linear algebraic relations for
determination of b


	,

�

=0

�

�b

+Q
n

− + b

−Q
n

+ ei�
d� = 2�n0,
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�

=0

�

�b

+Q
n

+ ei�
d + b

−Q
n

− � = 0, �14�

where

Q
n
	 = hn


 	 i�
qn
−1�h
/��n. �15�

The output amplitudes in air, cn, are expressed by b

	 using

the following exact relations:

2c0
+ = �




�b

+ei�
d + b


−�h0

,

cn
+ = �




�b

+ei�
d + b


−�hn

 �n � 0� . �16�

The truncation of set �14� at 
max=nmax=N was used to
calculate b


	 and determine the slab transmittance T�

= �c0
+�2 / �a0

+�2 with Eq. �16�. The procedure converges again
perfectly well with increasing N.

Set �14� includes the exponential factors exp�i�
d�. The
largest of them corresponds to the propagating mode, 
=0;
its absolute value is exp�−�0�d�. Importantly, the other factors
�
�1� do not exceed exp�−k0d���m� �� in absolute value; the
larger 
 is, the smaller are these factors. For d�� /2����m� �
�the slab thickness is larger than the skin depth� and
k0

���m� ���0�, the largest exponential factor exceeds all the
others by orders of magnitude. Keeping in Eq. �14� only this
largest factor corresponds to the physical picture of coupling
of the opposite faces via a single propagating mode. The
validity of this approximation can be checked numerically.

B. Simulation results

Figure 8 shows three representative spectral dependences
of T� in the range � /x0= �0.98–2.8� calculated with our nu-
merical scheme for the lossless case, �m=−9.6, xm /xd=4, and
three values of the slab thickness d. Lines 1, 2, and 3 are
plotted for d /x0=1, 0.5, and 0.3, respectively. Their solid

versions correspond to the exact scheme, whereas for the
dotted ones we have neglected the evanescent coupling, i.e.,
the exponents exp�i�
d� with 
�1. To resolve fine spectral
features in the vicinity of the RW peaks, we have enlarged
the scale within the interval �0.98–1.15�; its right border is
marked by the vertical line. One sees that for d /x0=1 and
0.5, the exact and approximate dependences practically co-
incide �including fine features� within the whole subwave-
length spectral range � /x0�1. For d /x0=0.3, the difference
between the exact and approximate results is noticeable only
for � /x0�2, i.e., far to the right from the RW peak. This
difference is not surprising because here the ratio of the slab
thickness d to the skin depth is smaller than 3. For d /x0
�0.1, the evanescent coupling becomes important in the
whole shown range of � /x0; the slab transmittance T� is
rather small in this case and shows no pronounced spectral
peaks. Last, we have found that Eq. �11�, with independently
calculated single-interface characteristics, gives for � /x0
�1 exactly the same results as the simplified numerical
scheme. For � /x0�1, as expected, Eq. �11� gives inaccurate
results.

The peaks with T�=1 are the Fabry-Pérot resonances;
their positions precisely correspond to the condition �FP
=s�. The farther the FP peak from the zero point of T0,
� /x0�1.06, the larger is its width. The FP peak at � /x0
�1.05 is clearly the narrowest. Three overlapping narrow
peaks at � /x0=1 are the RW peaks distorted by the Fabry-
Pérot effect; for d /x0=0.3, the phase �FM�� /x0=1� is occa-
sionally close to 2�.

Consider the influence of light absorption. Figure 9 shows
the transmittance resonances for �m� =0.3 and d /x0=0.3; the
other parameters correspond to Fig. 8. Absorption does not
change the position of the resonances but decreases their
heights. The evanescent terms are negligible in the whole
spectral range and the peak values of T� remain pretty high.
Our simplified description �the dashed line� precisely repro-
duces the position and shape of the resonances and gives
�10% accuracy for the transmittance. The surface losses
give thus a minor effect. With increasing d /x0, they become
less important because of the increasing role of the propaga-
tion losses.

FIG. 8. �Color online� Transmittance T� of the slab depicted in
Fig. 1�c� versus � /x0 for �m=−9.6 and xm /xd=4. Curves 1, 2, and 3
correspond to d /x0=1, 0.5, and 0.3. The solid/dotted lines are the
exact/approximate results. The scale within the range 0.98 to 1.15 is
ten times enlarged compared to that for the range of 1.15–2.8.

FIG. 9. �Color online� Slab transmittance resonances for �m� =
−9.6, �m� =0.3, xm /xd=4, and d /x0=0.3. The solid line is the exact
numerical result. The dotted line corresponds to the numerical
scheme with neglected evanescent terms. The dashed line is plotted
using Eq. �11�.

STURMAN, PODIVILOV, AND GORKUNOV PHYSICAL REVIEW B 77, 075106 �2008�

075106-8



The influence of light absorption on the ultranarrow FP
peaks at � /x0�1.05 and 1.1 �see Fig. 8� is much stronger.
For �m� =0.3, the peak values of T� are suppressed by more
than 1 order of magnitude. This suppression exemplifies the
general rule: The smaller T0 is at the point of a FP resonance,
the stronger is the negative impact of propagation losses.

A FP resonance can be placed, generally, at any position
by varying xm /xd and d /x0. Moreover, even two FP reso-
nances can be placed within the narrow spectral peak of T0,
which looks as a split of this peak. Sharp and strong changes
of the phase �FP in the vicinity of the peak of T0 are the
prerequisites for such a split. This is illustrated by Fig. 10.

Solid line 1 shows a fragment of the spectral dependence
of T� calculated exactly or �which is the same for � /x0�1�
with the use of Eq. �11� for �m=−9.6, very narrow slits,
xm /xd=15, and a large slab thickness, d /x0=1.5. The first FP
peak is situated slightly to the left from the maximum of
T0�� /x0�, while the second one is on the right shoulder of the
peak of T0. Both of them are very narrow. Line 3 shows the
spectral dependence of �FP; the positions of maxima of T�

coincide with the positions of the FP resonances. Line 2 is
plotted for �m� =0.3. Despite a significant suppression owing
to the propagation losses, the peak transmittance remains
pretty high.

Positions of the FP resonances are determined by the
spectral dependence of the phase �FP=2�t−�r+�0�d for �m�
=0. In turn, this dependence is controlled by the parameters
xm /xd, d /x0, and ��m� �. The combination 2�t−�r does not de-
pend on d /x0. It is a decreasing function of � /x0, which
changes rapidly only in the vicinity of the peak of T0; this
feature is clearly seen in Fig. 3�b�. The total drop of 2�t
−�r for � /x0�1 is slightly above �; it grows slowly with
increasing xm /xd. Only the last contribution to �FP depends
on �proportional to� the slab thickness. Figure 11 shows the
spectral dependence of �0x0 for three representative values
of xm /xd. It decreases; the total drop of �0x0 /� is �1.

As follows from the above observations, the spectral po-
sition, width, and height of the FP peaks depend essentially
on xm /xd and d /x0. The larger these ratios are, the higher is
the spectral density of the FP resonances. The distances be-
tween the neighboring resonances and their spectral widths
are smallest in the vicinity of the peak of T0. A detailed
quantitative characterization of the FP peaks can be done for

a particular experiment, but it is beyond this study.
The case of strong propagation losses, �0�d�1, is impor-

tant in the following respect: The reflectivity of the slab is
not affected here by the FP interference. With a high accu-
racy, the reflection coefficient of the slab is 1−T0. Its ex-
pected spectral dependence is characterized by a narrow dip
in the vicinity of � /x0=1. It is possible thus to measure the
predicted spectral dependences of the single-interface char-
acteristics T0 and �r.

VI. DISCUSSION

Our general calculation scheme, based on the modal ex-
pansion, uses no simplifying assumptions within the concept
of the optical permittivity. It employs the exact eigenfunc-
tions, eigenvalues, and boundary conditions; it meets the
known limiting cases and symmetry properties. Therefore,
this scheme includes precisely all possible mechanisms of
the ELT in the 1D case in question.

The scheme is flexible. It provides all necessary paramet-
ric dependences and admits approximations to see the phys-
ics behind the ELT. In particular, it allows us to analyze the
lossless and lossy cases, to separate the roles of the surface
and propagation losses, and to describe the dispersive prop-
erties of holey-surface plasmons.

A crucial element of our scheme is inclusion of not only
the usual evanescent and propagating modes but also the
anomalous eigenmodes with essentially complex values of
the propagating constant.22 Without the anomalous modes,
the calculation procedure diverges, while with these modes
we have a fast convergence.

By following the physical approach, we aim to reduce the
complex ELT phenomenon to the basic elements instead of
try to exhaust numerically combinations of the variable pa-
rameters or attach ourselves to a particular set of parameters.
We pretend thus to give a clear physical picture of the ELT
within a wide range of the variable parameters by combining
the numerical and analytical tools. Possible simplifications
related to the presence of small physical parameters are also
important.

Transmission-reflection characteristics of a single inter-
face between air and hole metal are the key to understanding
the ELT physics. They are free of the influence of the Fabry-
Pérot interference and evanescent coupling inherent in the

FIG. 10. �Color online� Slab transmittance T��� /x0� for �m�
=9.6, xm /xd=15, and d /x0=1.5; lines 1 and 2 correspond to �m� =0
and 0.3, respectively. Line 3 shows the FP phase �FP.

FIG. 11. Dependence of �0x0 on � /x0 for �m=−9.6. Lines 1, 2,
and 3 are plotted for xm /xd=4, 10, and 20, respectively.
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slab case. The role of the surface plasmons is maximally
clear here.

Our analysis has shown that the physics of the single-
interface transmittance is rich, somewhat surprising, but, at
the same time, pretty simple. It is greatly controlled by the
parameter xm / ��m� �xd while small losses ��m� � ��m� �� are negli-
gible:

�1� For xm / ��m� �xd�1, the dependence of the interface
transmittance T0 on the spectral parameter � /x0 is character-
ized by narrow spikelike RW peaks at 1 ,1 /2,1 /3, . . .. They
are due to opening diffraction orders and are uncoupled from
the plasmon resonances.

�2� For xm / ��m� �xd�1, we have a different quality. The
spectral peaks of T0 are not attached to the RW anomalies
and they have no kinks. With increasing xm /xd, the main
peak moves from � /x0=1 toward the FSP resonance
�� /x0�FSP=���m� � / ���m� �−1�.

�3� For xm / ��m� �xd�2, the spectral position of the main
peak of T0 is very close to the HSP resonance �� /x0�HSP but
still far from �� /x0�FSP, so that the transmittance peak is due
to the resonant excitation of the HSP.

Some other features supplement this picture.
�1� The value xm / ��m� �xd=1, critical for the spectral prop-

erties, is also critical in the continuous-medium limit, � /x0
�2����m� �. The effective permittivity of our periodic struc-
ture, �ef f, is positive for xm / ��m� �xd�1 and negative for
xm / ��m� �xd�1.26

�2� The point of the transmittance minimum �� /x0�min lies
usually very close to �� /x0�FSP. This proximity does not sig-
nify the negative role of the surface plasmon because the
influence of the slits on the dispersive properties of the HSP
is indispensable. The distance between �� /x0�min and
�� /x0�FSP grows with decreasing ��m� � and becomes notice-
able for ��m� �=4–5. The absence of coincidence of these
spectral positions means that there are no general reasons for
it.

�3� The peak transmittance T0
max increases and becomes

comparable to 1 when the relative permittivity �m /�d ap-
proaches the value of −3. The reason is the well-known sin-
gularities at the metal corners.32,33

While the spectral properties of T0 are sufficient to under-
stand the physics behind the single-interface resonances,
they are insufficient to describe the spectral dependence of
the slab transmittance T��� /x0�. To do so, we need to know
additionally the spectral dependence of the combination of
the phases of the transmitted t and reflected �r� waves 2�t

−�r; it represents the phase change during an internal reflec-
tion from the interface. The losses affect it very weakly.

Qualitatively, the spectral dependence of 2�t−�r is simi-
lar to that of the phase of an elementary oscillator. The
changes are most rapid in the vicinity of the resonance of T0,
and the overall change when passing it is about �. Quantita-
tively, the dependence of this phase combination on � /x0,
xm /xd, and ��m� � is complicated.

Narrowly viewed, the main outcome of the numerical part
is reduced to the calculation of T0 and 2�t−�r. Unfortu-
nately, to date, there is no known way to provide an adequate
analytical description of these fundamental characteristics.

As soon as these two single-interface characteristics are
known, the transmittance of a thick slab T� can be calculated

straightforwardly for ��x0 using the simplified single-mode
model. The corresponding relation fully accounts for the
strong coupling of the opposite interfaces via a single weakly
damped propagation mode and Fabry-Pérot resonances for
the latter.

Qualitatively, the picture of the slab resonances is simple.
Most of them are of the Fabry-Pérot nature. It is most likely
to get a FP resonance nearby the spectral peak of T0, where
the phase changes are rapid; such a resonance is very narrow
and can be strongly suppressed by the propagating losses. By
changing the slab thickness d and the ratio xm /xd, it is pos-
sible to move a FP resonance far from the peak of T0; such a
resonance is spectrally wide and robust. No direct connection
exists between the positions of the FP and plasmon reso-
nances.

The relationship between our findings and the literature
data is an important issue to discuss.

Our modal-expansion method is closest to that of Ref. 11.
The authors of this paper fixed a complex value of �m, saw
the anomalous modes �as “an unknown abnormality”�, and
included them into the numerical scheme. This scheme was
then exemplarily used. In the modal expansion of Ref. 6, the
anomalous modes were missed; the encountered problems
with the convergence are, most probably, due to this fact. A
perfect convergence of our method for �m� =0 contrasts to the
fact that the rigorous coupled-wave analysis fails for lossless
metals.35

The spectral dependence of the single-interface transmit-
tance was calculated in Refs. 11 and 28. Only a single set of
parameters �including a complex value of �m� was used in
each of them. The authors saw the RW peaks and the mini-
mum transmittance at �� /x0�FSP. The xm /xd and �m� depen-
dences, the phase changes, and the role of losses were not
considered.

A general expression for the slab transmittance, incorpo-
rating the FP resonances and known as the single-mode
model, was introduced into the ELT theory in Refs. 4 and 5.
It works well as a proof of principle. With weakness of the
losses taken into account, it can be advanced to gain the
prediction power for the positions and heights of the FP
transmittance peaks.

A comparison with experiment is beyond the scope of this
paper. One recent publication36 is, however, worthy of men-
tion. Surrounding silver-based slit structures �xm /xd�1� with
a dielectric ��d�2.13�, the relative permittivity �m /�d�
−4.37 was achieved. This means first that the region of small
��m� /�d �compared to Ag and Au�, which is expected to be
important, is accessible in experiment. Second, spectrally re-
solved measurements of the slab transmittance36 elucidated
the role of the surface plasmon. For xm /xd�5.12, the point
of minimum transmittance �� /x0�min is found to be close to
the flat-surface plasmon resonance �� /x0�FSP. Our theory
predicts a �3% excess of �� /x0�min �see Fig. 5�. A careful
examination of the experimental points shows a tendency of
such a shift, but it cannot be resolved within the experimen-
tal accuracy. Increasing accuracy and/or �d would allow us to
detect the predicted difference. For ��m � /�d�7, the differ-
ence between �� /x0�min and �� /x0�FSP becomes too small to
be resolved.
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To a certain extent, our results can be applied to the 2D
case. The point is that, in contrast to Refs. 16 and 17, a
propagating mode can survive even for subwavelength 2D
holes.22,37,38 It occurs when the relative optical permittivity
�m /�d lies in the range �−1,0�. This range is now exotic for
experiment, but it should be accessible with such metals as
Ni by filling the holes with a transparent dielectric/fluid.24,25

Since the propagating modes strongly facilitate the ELT, the
indicated range is worthy of close attention. If the surface
losses are still weak here, the simplified description of Sec.
IV is applicable to analyze the ELT resonances.

Finally, we point out that our modal approach can be gen-
eralized for the periodic media consisting of layers with both
optical permittivity and permeability negative. Such materi-
als are intensively studied nowadays in connection with the
negative refraction phenomenon and unusual transmission
properties.39,40

VII. SUMMARY

We have proposed an advanced version of the ELT theory
for arrays of subwavelength slits in metals. It incorporates
the known results and also a big number of original ele-
ments; altogether they form a clear physical picture of the
effect. The theory clarifies a number of fundamental issues of
the ELT phenomenon. More specifically, our findings can be
summarized as follows.

�1� The anomalous eigenmodes with essentially complex
propagating constants are necessary, in addition to the propa-
gating and evanescent modes, to ensure convergence of the
modal expansion in the ELT theory.

�2� Two real characteristics of a single interface between
air and perforated metal, the transmittance T0 and the phase
change for the propagating mode, predetermine the slab
transmittance. Weak losses, �m� � ��m� �, are of minor impor-
tance for these characteristics.

�1� The dependence of T0 on the spectral parameter � /x0
is controlled by the ratio xm /xd��m�. For xm /xd��m��1, the
transmittance resonances are due to opening new diffraction
orders �the Rayleigh-Wood anomalies at � /x0=1 ,1 /2, . . .�.
For xm /xd��m��1, the spectral peaks of T0 are not the RW
resonances. With increasing ratio xm /xd, the main peak of
T0�� /x0� moves to the right, becomes kinkless, and attaches
quickly to the holey-surface plasmon resonance �� /x0�HSP.
Thus, a crossover between the RW and HSP resonances oc-
curs. The height of the main peak of T0 approaches 1 for
�m→−3 because of the corner singularities.

�2� With weak losses, the slab transmittance T� is ex-
pressed explicitly by the above two real single-interface
characteristics. The derived relation for T� includes the
propagation losses and can be considered as an advanced
version of the single-mode model.5 It describes the positions
and heights of the FP peaks in agreement with the direct
numerical calculations.

APPENDIX A: CALCULATION OF PLASMON
AMPLITUDE

Consider a metallic part of our semi-infinite periodic
structure �Fig. 1�b��. Let it be xd /2�x�xm+xd /2. We search
for a solution for the magnetic field H=��z�exp�i�x�, where
� is a new propagation constant and � is the corresponding
eigenfunction. Then, we have

d2�

dz2 = ��2 − �k0
2�� . �A1�

The physical solutions must either be localized in �z� or be-
have as exp�iCz� with a real parameter C for z→ 	� �radia-
tive modes�.

The spectrum of allowed values of �2 consists of a single
point �p

2 =k0
2�m / ��m+1�, which corresponds to the surface

plasmon, and the range �2�k0
2. The wave function for the

surface plasmon,

�p = �exp�k0z/���m� − 1� �z � 0�

exp�− k0z��m�/���m� − 1� �z � 0� ,
	 �A2�

is localized and real. The functions of the continuous spec-
trum, ���z�, possess an oscillating asymptotic behavior for
z→ +� and/or z→−�. Since the values of �2 can be nega-
tive, the dependence H��x� can be exponentially increasing
and decreasing. One can see from Eq. �A1� that the following
orthogonality relation takes place:

�
−�

�

�−1�z��p�z����z�dz = 0. �A3�

Assuming that the set of the eigenfunctions ��p ,��� is
complete, we represent the magnetic field within the interval
xd /2�x� �xd+x0� /2 as

H = �Ap
+ei�px + Ap

−e−i�px��p�z� +� �A�
+ei�x + A�

−e−i�x����z�d� ,

�A4�

where Ap
	 are the amplitudes of plasmons propagating in the

	x directions and A�
	 are amplitudes of the eigenfunctions of

the continuous spectrum.
The plasmon contribution is obviously even about the

wall center so that Ap
+ exp�i�px�+Ap

− exp�−i�px�
=Ap cos��p�x−x0 /2��. For the plasmon amplitude Ap, we
have the following from Eqs. �A3� and �A4�:

Ap = �
−�

�

�−1�z��p�z�H�x0/2,z�dz . �A5�

The energy of the standing plasmon wave is proportional to
�Ap�2. It can be calculated using Eq. �A2� as soon as the
function H�x0 /2,z� is known.
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